Introduction
One of the great remaining challenges in classical structural dynamics and solid mechanics is the prediction of the behavior of a jointed connection.
Despite the prevalence of jointed connections in engineering structures, predictive models do not exist for several reasons: in most applications there is no penalty for over designing a joint to ensure that it survives most realistic loading scenarios, the physics to predict the behavior of a joint is reliant upon an improved understanding of friction (which is a nontrivial undertaking), and the joint models that do exist are often computationally burdensome (which results in analysts favoring simplistic and hopefully conservative representations instead). However, in several industries (aerospace, defense, automotive, etc.) there is becoming a pressing need to better understand the behavior of a jointed connection. In many of the pertinent applications, the jointed connections are part of a system that will only be fabricated a small number of times and that has strict weight and space limits (increasing the penalty for over designing the joint). Conventional approaches to modeling the joint, due to harsh loading environments and nonlinearities, often are not as conservative as an analyst anticipates. In fact, the use of linear models, calibrated at high excitation levels, significantly under predict the energy dissipation and joint stiffness at low load levels. Consequently, a number of failures have been reported in recent years that are related to bolted joints (see, for instance, (Deckstein and Traufetter 2012)).
The present research is motivated by one particular class of joint models that are used in finite element analysis as well as analytical mechanics and reduced order models: the Iwan model. The broad category of constitutive models referred to as Iwan models are used to model dissipative behavior with a single element. These models originally were applied to elastic-plastic material responses (Iwan 1966; Iwan 1967 ) and have more recently been adapted to joint mechanics (Segalman 2005; Segalman and Starr 2004) (Bauschinger 1886; Masing 1926; Prandtl 1928; Ishlinskii 1944; Iwan 1966; Iwan 1967 ). More recently, the Iwan model has been extended to be considered in modal space (as opposed to physical coordinates) .
One difficulty present in the implementation of the Iwan model is its high computational cost. The common set of Iwan models used for the analysis of bolted joints are based on a discretized set of dry friction sliders (Segalman 2005) . This discretization leads to the need to store the individual state of each dry friction slider in the model, effectively increasing the degrees of freedom from one to an arbitrarily large number (each of which corresponds to a nonlinear, discontinuous system, which can lead to significant numerical challenges (Van de Vrande, Van Campen, and de Kraker 1999) ).
In what follows, a reduced formulation of the Iwan model is derived based on the assumption that when a load reversal occurs, the collective state of the dry friction sliders resembles a scaled version of the original distribution of dry friction sliders (this assumption is discussed in Section 2.3.1). While this is a subtle change from the four-parameter Iwan model formulated in (Segalman 2005) , both the new and old models are still approximations that can be calibrated to fit the data accurately, and the resulting model thus does not lose applicability from this new assumption.
Analytical Development
Conceptually, there are three distinct regimes for the model, as can be seen in Fig. 1 : 
Pinning Force
The pinning force occurs when the shank of the bolt engages the edge of the through hole (of diameter 2δ P ) in which it is located. This contact is thus between two cylindrical surfaces. If no plasticity is assumed to occur, this can be modeled using Hertz's (Johnson 1985) elastic contact formulation for two cylinders
1 Thus, the three regimes defined above hold for a narrow range of u and φ, including when u = φ. Otherwise, microslip and macroslip must be defined in terms of u and pinning must be defined in terms of φ. 
The engagement length of the bolt's shank with the through hole (i.e. the height of the hole) is L, and d = φ−δ P is the interference/contact displacement of the two surfaces. As (1) is linear in d, F P IN can be expressed as a spring force
with stiffness
Thus, all parameters needed to define K P are based on material and geometric properties, which can be easily determined.
Relation of Relative and Global

Displacements for the Iwan and Pinning Forces
In what follows, the relative displacement u is defined to be positive in the slip direction. Additionally, δ 0 is defined to be the global displacement of the system at the start of a slip event (e.g. a load reversal), and F 0 is defined to be the force due to the Iwan element at the start of a slip event (i.e. from the previous loading cycle). In order to cylinder. However, it is assumed that this case can be represented with Hertz's model without loss of accuracy.
relate the force due to the Iwan model and the force due to pinning,
(+u for forward motion, −u for backward motion due to u being positive in the slip direction). This relationship establishes the constraint that for δ 0 ± u ∓ δ P ≥ 0, the pinning force is engaged
with the Heaviside step function H(·) used to specify pinning forces only when the bolt shank engages the bolt hole.
Four-Parameter Iwan Model Overview
To model the forces in both the micro-and macroslip regimes, the Iwan model is proposed. As a starting point, the four parameter Iwan model developed in (Segalman 2005 ) is used. In that research, the constitutive representation for the Iwan model is The four-parameter Iwan model of (Segalman 2005 ) is subject to the two Masing conditions (which are both visible in Fig. 3 ): 1) the forward and back- 
and is typically determined from measurements of dissipation versus excitation amplitude (Deaner et al. 2015) . Note that with the definition of β, the model of (Segalman 2005) can be posed in terms tionships of Eqs. 8-10 are developed in (Segalman 2005) with this ease of model parameter determination in mind.
Illustrations of (a) the distribution of (Segalman 2005) , (b) the uniform distribution of (Iwan 1966) , and
With the definition of u in Eq. 4 the quantity from Eq. 6
The slip function Γ can then be defined as
Substituting Γ and ρ into Eq. 6 yields
Based on Γ , this can be broken into two integrals
which has solution
. (16) Substituting Eqs. 8 and 9 gives the full expression for the Iwan forces
In the limiting case of u ≥ ϕ M AX , the Iwan force reduces to F IW AN = F S .
Considerations for Cyclic Loading
Two cases must be considered for the cyclic loading: loading to macroslip, and loading within the 
The forces F + and F − are for positive and negative loading cycles respectively, which result in Eqs. 18
and 19 having the form
where γ scales the function appropriately.
In many vibratory environments, however, the limits of oscillation are not necessarily between the two extreme values. Therefore, an incomplete case (e.g. never loading to the point of macroslip) must be considered. In the previously defined relative coordinate system for u, after a load reversal, 
for u ≤ 2u 0 , and, with ψ = ϕ − 2u 0 , As a first order approximation of the new distribution, a linear scaling function is used in which γ is bounded by 0 < γ ≤ 2. This leads to the functional form
This is rewritten as
using the F IW AN defined in Eq. 17. This relationship is predicate on F 0 being a global value such
for the RIPP joint model can now be expressed as
In the case of δ 0 ≥ δ P −ϕ M AX , this implies that macroslip is not necessary to achieve pinning. It should be noted, however, that the force F 0 should be determined solely from F SLIDIN G in order for the model to be consistent.
Comparison With the Discrete Four-Parameter Iwan Model
As Outside of the pinning region, the two curves are coincident. Near the transition from microslip to macroslip, the discretization of (Segalman 2005) is evident under high magnification (as the curve appears faceted), but at the scale shown the two models are in complete agreement. 
Extension to the Five-Parameter Iwan Model
The five-parameter Iwan model, proposed by Mignolet (Wang and Mignolet 2014) , belongs to a class of split Iwan models in which the response is split into two regimes. The fifth parameter is defined as the ratio between dynamic µ D and static
The conceptual split in this model is that once a Jenkins element begins to slide, it is governed by dynamic friction rather than the static friction that governed it in the stick state. The proposed distribution ρ(ϕ), though, remains the same. Con-sequently, the Iwan force becomes
In the limiting case of θ = 1, this reduces to Eq. 15.
As before, the solution follows that
Substituting R and S yields the final form of the Iwan force equation for the five-parameter Iwan model
In the limiting case of u ≥ ϕ M AX ,
which is less than F S for θ < 1.
In Fig. 6 , the RIPP joint model of the four- 
Extension to the Uniform Iwan Distribution
In (Iwan 1966) , the Iwan element is formulated with a uniform distribution for ρ (Fig. 4(b) ) in order to represent energy dissipation due to plastic processes. The width of the distribution for the present work is taken to be ϕ M AX , with a height of 1/ϕ M AX . This distribution leads to the Iwan force
The constant c is determined by setting the resulting solution equal to F S , yielding
Using the same parameters as from 
Extension to Other Distribution Functions
The three models discussed above form a subset of all possible Iwan-type models. The distribution proposed in (Segalman 2005 ) is an approximation itself as a more accurate model requires both more parameters and more experimental data than is available (e.g. data on the break-free force for a joint). A plausible model, though, is suggested by Dan Segalman to resemble the curve shown in Fig. 4 
(c).
A potential mathematical form for this model is
In this model, γ > 0 and S is not necessarily the 
timation is too high to consider this a practical model for analysts to use.
Using the distribution ρ(ϕ) defined in (Segalman 2005) , this results in an eight-parameter Iwan model.
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Despite the burden placed on the analyst to populate the parameters of these models, the derivation of a RIPP joint representation is straightforward.
For an imposed state with system slip displacement u and sliding velocity v, the total force acting through the joint system for a discrete number of friction sliders is
In the original nomenclature of (Iwan 1966 
Using a change of variables (ϕ =φ/k and ρ(ϕ) = k 2ρ (kϕ)) yields
The common spring stiffness k is related to known parameters via kϕ M AX = F S . Using the same ρ(ϕ)
as in (Segalman 2005) , the (eight-parameter) IwanStribeck model's force becomes of the RIPP joint models shows behavior in which pinning occurs, the slip direction reverses but does not achieve macroslip in the opposite direction before reversing again and initiating pinning once more. After several impacts between the bolt shank and bolt hole, the applied force is sufficient to initiate macroslip in the opposite direction before this process is repeated again. By contrast, the discretized four-parameter Iwan model, which does not include pinning, exhibits no such rebound dynamics. This is to be expected as pinning creates a non-smooth nonlinearity in the macroslip regime. to the discretized four-parameter Iwan model is observed. To calculate the quasi-static hysteresis loops or the dynamic response, the computational time of the discretized four-parameter Iwan model is observed to be a factor of three longer than the analytical formulation (both when pinning is and is not active). For comparing the other analytical model to the discretized model, the Mignolet distribution is also approximately a factor of three faster, the uniform distribution is an order of magnitude faster, and the Iwan-Stribeck model is a factor of two faster for the quasi-static hysteresis loops and approximately 25% faster for the dynamic simulations. To quantify the performance of the analytical models more accurately, a more realistic simulation should be used that is representative of a real assembly; the numbers provided here are for illustrative purposes.
Parameter Estimation
This section is provided as an example of how parameters might be estimated from ringdown data.
In what follows, the response of the system is treated as if it is a single harmonic response (i.e. as if the data had been filtered using a modal or bandpass filter); however, in reality there are multiple harmonics. The repercussions of this are that each mode should be investigated separately in order to develop modal parameters, instead of the global parameters deduced from a single harmonic response. For more information on parameter estimation for Iwan elements, refer to Sracic, Allen, and Sumali 2012) .
Another complication in some experimental setups is that there can be multiple sources of damping (such as damping due to bolted joints, due to the support structure, and due to material dissipation), necessitating a specialized technique for decoupling the effects from each type of dissipation (Liang and Feeny 1998) . Fortunately for the present analysis, damping due to sources other than the jointed interface is negligible. Lastly, because jointed systems are very sensitive to a number of parameters (such as bolt torque and loading order, excitation location, interface alignment, etc. (Meyer and Adams 2015) ), care needs to be taken in measuring the system to ensure that the variation observed in measured parameters is due to frictional interactions and not setup effects.
Multiple methods have been developed to determine the parameters for a jointed structure, specifically focusing on determining the stiffness and dissipation of the structure as a function of excitation amplitude (Roettgen and Allen Under Review; Kerschen et al. 2006; Kuether and Brake 2016) . The application and results of these methods are applied to a set of impact hammer tests conducted on the Brake-Reuß beam , shown in Fig. 13 . The specific experiments reported here are described in (Bonney et al. 2016 ).
The system is suspended by bungee cords to approximate free boundary conditions and is excited via impact hammer and allowed to freely decay.
At the interface, the bolts are tightened to 15 Nm, which is representative of realistic joint applications for bolts of this size. In what follows, ring down data is used as it yields oscillatory information at different response (or peak) amplitudes. A typical response for a large amplitude impact is shown in Fig. 14 . Due to the lap joint located in the center of the system, the response is dependent upon excitation amplitude. That is, as the response amplitude decreases, the system is expected to stiffen (increase in frequency) due to a transition from macroslip to microslip, and the amount of energy dissipated per oscillation is expected to reduce (again, due to the transition from macroslip to microslip). In these specific experiments, the system is not excited to macroslip since that would plastically damage the system. Consequently, the shift from high amplitudes to low amplitudes is subtle, but still observable in The stiffness of the system is inferred from the evolution of the primary natural frequency with response amplitude (Fig. 16) 
In this calculation, m is the modal mass taken here as 3.67 kg. One last quantity that is potentially able to be deduced from the frequency data is the pinning stiffness. However, as the system is not excited to macroslip, the pinning stiffness K P cannot be corroborated via experiments. Instead, as suggested in Section 2.1, the pinning properties are deduced solely from the material and geometric properties of the system. If the system is excited past macroslip into the pinning regime, the frequency data would exhibit a significant increase in frequency at high response amplitudes that is much greater than the natural frequency at low amplitude responses.
The STFT method also calculates the damping ratio ζ as a function of excitation amplitude. Using the definition of the log decrement
with two adjacent peaks in a decaying transient signal having amplitudes x j and x j+1 , the dissipation per cycle D is calculated as the difference in energy between the two peaks To calculate the remaining two parameters, β and F S a two step procedure is used. Even though macroslip is not observed in the experiments, the macroslip properties can be inferred from the experiments at low excitation amplitudes. First, F S is estimated from ϕ M AX as
with frequency ω ϕ at the response amplitude equal to ϕ M AX (or largest recorded amplitude when macroslip is not observed). Second, β is calculated using this approximation via (Segalman 2005 )
Lastly, F S is recalculated using this value of β and the dissipation values (Segalman 2005 )
) 2 (χ + 2)(χ + 3)
Solving for F S yields 
Equations 45 and 46 assume that the force across the joint F 0 over each period of oscillation is related to the peak displacement
As a result, Eq. 46 is valid only for low response amplitudes as the constitutive behavior of the joint at low amplitudes is dominated by the tangential stiffness K T (whereas at higher amplitudes, softening is observed as portions of the interface begin to slip, see Fig. 3 ), as shown in Fig. 18 . Thus, the macroslip properties are deduced from the response in the microslip regime. Both F S and β are iteratively calculated until the initial estimate for F S agrees with the calculation of Eq. 46. Each of the parameters deduced from the experiments reported in (Bonney et al. 2016 ) are summarized in Table 2 Joint parameters deduced from the experiments of (Bonney et al. 2016) .
Summary
The analytical representation of the discretized Iwan (Bonney et al. 2016 ).
